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Abstract: We perform Hamiltonian reduction of a model in which 2 + 1 dimensional gravity with
negative cosmological constant is coupled to a cylindrically symmetric dust shell. The resulting
action contains only a finite number of degrees of freedom. The phase space consists of two copies
of ADS2—both coordinate and momentum space are curved. Different regions in the Penrose
diagram can be identified with different patches of ADS2 momentum space. Quantization in the
momentum representation becomes particularly simple in the vicinity of the horizon, where one can
neglect momentum non-commutativity. In this region, we calculate the spectrum of the shell radius.
This spectrum turns out to be continuous outside the horizon and becomes discrete inside the horizon
with eigenvalue spacing proportional to the square root of the black hole mass. We also calculate
numerically quantum transition amplitudes between different regions of the Penrose diagram in the
vicinity of the horizon. This calculation shows a possibility of quantum tunneling of the shell into
classically forbidden regions of the Penrose diagram, although with an exponentially damped rate
away from the horizon.
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1. Introduction

General Relativity encounters problems at short distances both at a classical and quantum level.
Classical gravity develops singularities, while there are ultraviolet divergences in quantum gravity
which cannot be removed by renormalization.

On the other hand, as it was first argued by Bronstein [1], there is the smallest possible distance
in quantum gravity, the Planck length, beyond which measurements are not possible. The argument
relies on non-perturbative effects such as black hole formation and could be described only within a
non-perturbative quantum theory of gravity absent to the date.

In the absence of a full theory, non-perturbative quantization can be performed for some
symmetry-reduced models for General Relativity in which all but a few degrees of freedom are
removed [2]. Within such models, black hole formation could be described, which is essential for
Bronstein’s argument.

The simplest model of this kind is gravity coupled to a spherically symmetric thin dust shell.
This model was extensively studied both on a classical [3–6] and quantum [7–10] level. In some of
this work, a resolution of singularity was obtained [8,9]. However, the quantum theories obtained
in different work are not equivalent. This may be a result of quantization ambiguity as well as the
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non-trivial structure of the phase space of the model. The definition of a wavefunction on different
sectors of the configuration space of the model can lead to inequivalent theories.

In quantum theory, it is common that the definition of the wavefunction has to be extended to
all possible configurations, whether they are classically reachable or not. In a particular way, it was
realized in [9,10] where the phase space was complexified and its different sectors were assembled
into a Riemann surface where the branching point represented the horizon.

On the other hand, there is an example where the phase space of a similar model was given a real
global chart. This model is gravity in 2 + 1 spacetime dimensions coupled to a point particle [11–13].
The momentum of the particle turns out to be an element of the Lorentz group, and the Hamiltonian
constraint fixes the conjugacy class of this group element.

An attempt to relate the two above approaches was made in our previous work [14,15] for a zero
cosmological constant. The momenta turned out to form ADS2 space, which results, in particular,
in the non-commutativity of the coordinates. The Hamiltonian constraint was found to be different
from that of a particle, accounting for the gravitational field generated by inter-shell movement energy.
The relation between group-valued momenta and canonical momenta analogous to that of [6,9] was
found. Transition amplitudes between zero and positive shell radii were found to show no divergences,
which could be interpreted as singularity resolution in quantum theory.

However, the above model is substantially different from 3 + 1 dimensional gravity as it has
naked singularity solutions instead of black hole solutions. The closest analog to 3 + 1 dimensional
model is 2 + 1 dimensional gravity with negative cosmological constant which has the well-known
BTZ black hole solutions [16].

BTZ black holes have been extensively studied both semiclassically [17,18], where the back
reaction of a quantum field on spacetime geometry was taken into account, and via holographic
approach [19,20], using boundary conformal field theory. Here, we will consider a simpler model with
axial symmetry because this model could be generalized to higher spacetime dimensions.

In this paper, we partially extend the results of [14,15] to the case of a negative cosmological
constant. We focus on studying quantum dynamics in the near-horizon area, where quantization could
be performed by traditional methods due to momentum commutativity. The question of interest to be
asked in this regime is the possibility of quantum tunneling into classically inaccessible sectors of the
Penrose diagram.

The paper is organized as follows. In Section 2, we reproduce the results of [6,9] for 2 + 1
dimensional gravity+dust shell system with a negative cosmological constant. The only difference
between this result in 2 + 1 and 3 + 1 dimensional gravity is the absence of Newtonian potential and a
contribution from cosmological constant, but the solution to the constraints branches in the same way.

In Section 4, the results of [11–13] are generalized from a point particle to a circular shell, describing
the latter as an ensemble of circularly arranged point particles analogous with [14,15], but now with a
negative cosmological constant. As before, the momenta of the shell form ADS2 space, and coordinates
are again non-commutative.

In Sections 5 and 6, we derive the expression for the Hamiltonian constraint of the model in terms
of global phase space coordinates. This constraint turns out to be slightly different from that of [14,15]
due to partial compensation of the positive curvature created by the shell by negative curvature from
the cosmological constant term. The relation between momenta from ADS2 and canonical momenta
from [6,9] is found.

In Section 7, we consider an approximation when the shell is located close to the horizon.
This allows us to quantize the model in momentum representation on ADS2. We find that shell
coordinates are non-commutative and one of them (time) has a discrete spectrum. The shell radius is
found to have a discrete spectrum inside the horizon and continuous spectrum, but separated from
zero, outside the horizon.

In Section 8, we study the quantum dynamics of the shell. We derive the expression for the
evolution operator and calculate numerically some of its matrix elements. These matrix elements
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describe the transition amplitudes between different sectors of the Penrose diagram. It turns out
that there is a possibility of quantum tunneling for the shell into classically not accessible regions.
Generalization of some of these results to 3 + 1 dimensional gravity is also discussed.

2. 2 + 1 Gravity Coupled to a Dust Shell and Its ADM Canonical Analysis

The general metric of a cylindrically symmetric spacetime [6,9] is

ds2 = −
(

N2 − L2(Nr)2)dt2 + 2L2Nrdtdr + L2dr2 + R2dθ2, (1)

where N and Nr are lapse and shift functions. Note that N, Nr, L, and R are continuous functions
describing the gravitational field. The ADM analysis leads to the following canonical action:

SΣ[R, L, PL, PR; N, Nr] =
∫

dt
∫ ∞

−∞
dr(PL L̇ + PRṘ− NHG − Nr HG

r ), (2)

where the constraints are

HG = −PLPR + L−1R′′ − L−2R′L′, (3)

and

HG
r = PRR′ − LP′L. (4)

It could be simplified by Kuchař canonical transformation [5] as 1

L =
√

R′2(1− 2m + |Λ|R2)−1 − (1− 2m + |Λ|R2)P2
m, (5)

PL =
(1− 2m + |Λ|R2)Pm√

R′2(1− 2m + |Λ|R2)−1 − (1− 2m + |Λ|R2)P2
m

, (6)

R̄ = R, (7)

P̄R = PR −
(1− 2m + |Λ|R2)−1

L2

[
(LPL)

′R′ − (LPL)R′′
]
, (8)

to give a Liouville form

Θ =
∫

PL L̇ + PRṘ, (9)

=
∫

Pmṁ + P̄RṘ +
∂

∂t

[
LPL +

R′

2
ln

∣∣∣∣∣R′ − LPL
R′ + LPL

∣∣∣∣∣
]
+

∂

∂r

[
Ṙ
2

ln

∣∣∣∣∣R′ + LPL
R′ − LPL

∣∣∣∣∣
]

, (10)

with a simple set of constraints:

P̄R = 0, m′ = o. (11)

Now, we turn to gravity+shell system. The total action in this case is

S = Sgr + boundary terms + Sshell ,

=
1

16π

∫
(R− 2Λ)

√
−gd3x + (boundary terms) + M

∫
Σ

dτ. (12)

1 The notation for mass here is different from that of the original paper [16] by substituting −M→ 1− 2m, so that the empty
ADS space is recovered at m = 0. Note also that the cosmological constant is |Λ| = 1/l2, where l is the radius of curvature.
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The first term in (12) is the Einstein–Hilbert action. The third term is the shell action given by

Sshell = −M
∫

Σ

√
N̂2 − L̂2(N̂r + ˙̂r)2dt, (13)

where the fields evaluated at the location of the shell are denoted by hats and M is the bare mass of the
shell. The action (12) in the Hamiltonian form is

S =
∫

π̂ ˙̂rdt +
∫ [

PL L̇ + PRṘ− N(Hs + HG)− Nr(Hs
r − HG

r )
]
drdt +

∫
mADMdt, (14)

where mADM is the total mass of the shell, which takes into account the gravitational mass defect,
and π̂ is the momentum conjugate to ˙̂r, which is equal to

π̂ =
ML̂2(N̂r + ˙̂r)√

N̂2 − L̂2(N̂r + ˙̂r)2
. (15)

The Hamiltonian of the shell is

Hs =
√
(π̂/L̂)2 + m2δ(r− r̂), (16)

and its momentum is

Hs
r = π̂δ(r− r̂). (17)

Inside and outside of the shell, the constraints are the same as in vacuum. On the shell, there is a
singular contribution to the gravity part of the constraints and it has to be combined with the shell
contribution. As a result, we obtain the shell constraints which are

Cs =
[R′]

L
+
√
(π̂/L̂)2 + M2, (18)

and

Cs
r = L[PL] + π̂, (19)

where the jump of a field across the shell is denoted by square brackets. The next step is to solve the
constraints for the inner and outer regions and substitute the solution back into the action. This can
easily be done using the Kuchař variables. The result is that the bulk terms cancel out as well as
the shell term, and all that remains are the boundary terms that appear as a result of the Kuchař
canonical transformation:

S =
∫

dt
[
m ˙̂T + [PR]Ṙ− NsCs

]
. (20)

Here, T̂ is the value of the Killing time at the shell,

PR

∣∣∣
in,out

= ln

∣∣∣∣∣R′ + LPL
R′ − LPL

∣∣∣∣∣
in,out

, (21)

and Cs is the constraint (19). Then, we re-express the constraint (19) in terms of the Kuchař canonical
variables m and PR:

Cs =
√

1− 2m + |Λ|R2 cosh PRout − cosh PRin + M, (22)
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from which one can find equations of motion for R as

Ṙ
Ns =

√
1− 2m + |Λ|R2 sinh PRout = sinh PRin, (23)

which leads to one more constraint√
1− 2m + |Λ|R2 sinh PRout − sinh PRin = 0. (24)

Substituting (23) into (22), we re-derive the familiar Israel equation:√
1 + |Λ|R2 +

Ṙ2

(Ns)2 +

√
1− 2m + |Λ|R2 +

Ṙ2

(Ns)2 −M = 0. (25)

Finally, one can find the single Hamiltonian constraint which describes the dynamics of the shell
by taking the sum of squared (22) and (24):

1 + 1− 2m− 2
√

1− 2m + |Λ|R2 cosh[PR]−M2 = 0. (26)

It is the constraint that will be used in quantum theory. One can notice that, below the horizon,
1− 2m + |Λ|R2 < 0, Equation (26) does not have solutions in real variables. This means that the
variables used do not cover the entire phase space. In addition, the equation contains square roots
which means that it is not a single-valued function. Different choices of the signs in front of the square
roots correspond to different sectors of the phase space of the model, which are pictured as different
regions on the Penrose diagrams. Besides that, the Killing time T̂ and the radial momentum [PR]

diverge at the horizon.
One way to avoid this problem is to complexify the phase space and to gather different patches

into a Riemann surface [9,10]. In the subsequent, we will look for a real chart that would cover the
entire phase space of the model.

3. Global Parameterization of ADS and BTZ Spacetime

Both ADS3 spacetime and BTZ spacetime can be given a global parameterization by SO(2, 2)
group elements, g. The metric can be reconstructed from pure gauge so(2, 2) connection as

Aµ = g−1∂µg. (27)

A connection of so(2, 2) is Aµ = ΓAB AAB
µ , where ΓAB are so(2, 2) generators, A, B = 0, 1, 2, 3 can

be decomposed into Lorentz connection ωab
µ = Aab

µ , where a, b = 0, 1, 2, and triad ea
µ = lA3a

µ , where
l = 1/

√
Λ. SO(2, 2) generators ΓAB, Γab−Lorentz and Γa3− translations. Extracting triad from

Aµ = g−1∂µg, (28)

where g ∈ SO(2, 2). Line element is defined as

ds2 = ηabea
µeb

νdxµdxν. (29)

Alternatively, the line element could be obtained from the embedding of ADS space into four-
dimensional flat space with signature (−,+,+,−). Embedding coordinates are defined as XA = (gv)A,
where v = (0, 0, 0, l). They satisfy ηABXAXB = −l2, where ηAB = diag(−1, 1, 1− 1). The line element
is then

ds2 = ηAB∂µXA∂νXBdxµdxν. (30)
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Parameterization of spacetime by a group element g is related to the static coordinate system from
the previous section by:

g = gtgtgφgR, (31)

where in the case of ADS3 spacetime

gt = cos(t/l)I + sin(t/l)Γ03,

gφ = cos(φ)I + sin(φ)Γ12,

gR =
√

1 + R2/l2 I + (R/l)Γ13, (32)

and

X0 = l
√

1 + R2/(l2) cosh(t/l),

X1 = l
√

1 + R2/(l2) sinh(t/l),

X2 = R sin(φ),

X3 = R cos(φ), (33)

and the metric is

ds2 = −
(R2

l2 + 1
)

dt2 +
(R2

l2 + 1
)−1

dR2 + R2dφ2. (34)

For the BTZ solution outside the horizon (r >
√

2m− 1l), we have

gt = cosh(
√

2m− 1t/l)I + sinh(
√

2m− 1t/l)Γ01,

gφ = cosh(
√

2m− 1φ)I + sinh(
√

2m− 1φ)Γ32,

gR = R/(
√

2m− 1l)I +
√

R2/((2m− 1)l2)− 1Γ13, (35)

and

X0 = l
√

R2/((2m− 1)l2)− 1 sinh(
√

2m− 1t/l),

X1 = l
√

R2/((2m− 1)l2)− 1 cosh(
√

2m− 1t/l),

X2 = R/
√

2m− 1 sinh(
√

2m− 1φ),

X3 = R/
√

2m− 1 cosh(
√

2m− 1φ). (36)

Substituting this into (29) or (30), one obtains

ds2 = −
(R2

l2 − 2m + 1
)

dt2 +
(R2

l2 − 2m + 1
)−1

dR2 + R2dφ2, (37)

which is the familiar expression for BTZ metric in static coordinates. Continuation of the field
g(x) ∈ SO(2, 2) inside the horizon, (R <

√
2m− 1l), takes into account the interchange of radial and

temporal variables:

gt = cosh(
√

2m− 1t/l)I + sinh(
√

2m− 1t/l)Γ01,

gφ = cosh(
√

2m− 1φ)I + sinh(
√

2m− 1φ)Γ32,

gR = R/(
√

2m− 1l)I −
√

1− R2/((2m− 1)l2)Γ03, (38)



Universe 2020, 6, 201 7 of 18

and

X0 = −l
√

1− R2/((2m− 1)l2) cosh(
√

2m− 1t/l),

X1 = −l
√

1− R2/((2m− 1)l2) sinh(
√

2m− 1t/l),

X2 = R/
√

2m− 1 sinh(
√

2m− 1φ),

X3 = R/
√

2m− 1 cosh(
√

2m− 1φ). (39)

The group fields (35) and (38) are continuously (but not smoothly in terms of r and t variables)
glued along the horizon. Substituting (38) into (29) or (39) into (30) again results in the same BTZ
metric (34).

As we shall see in the next section, two of the embedding coordinates Xa, a = 0, 1 from (36) and
(39) will play the role of canonical coordinates of the shell. The shell radius can be expressed in terms
of these coordinates as

R =
√
(2m− 1)(XaXa + l2). (40)

4. Action Principle and Symplectic Form

The total action consists of gravity action and shell action.

S = Sgr + Sshell . (41)

Gravity action is the Chern–Simons action for the SO(2, 2) group. As before, Aµ = ΓAB AAB
µ is

so(2, 2) connection, and 〈, 〉 is a bilinear form on so(2,2) algebra such that 〈ΓAB, ΓCD〉 = εABCD. Then,

Sgr =
κ

8π

∫
M

d3xεµνρ〈Aµ, (∂ν Aρ +
2
3

Aν Aρ)〉. (42)

The shell is divided into N particles with label i,

Sshell =
N

∑
i

∫
li

Tr(Ki Aµ)dxµ, (43)

where integration is along each particle worldline li, and Ki = miΓ03 is an element of so(2, 2)-algebra.
Gravity action is invariant under gauge transformations:

Aµ → g−1(∂µ + Aµ)g, (44)

where g is an SO(2, 2) group element. Unlike gravity action, shell action is variant under gauge
transformations. Each particle is transformed under gauge transformations (44) as∫

li
Tr(Ki Aµ)dxµ →

∫
li

Tr(K̃i Aµ)dxµ +
∫

li
Tr(Kig−1 ġ)dτ, (45)

where K̃i = gKig−1, τ is a parameter along the particle worldline and the derivative with respect to it
is represented by dot. The second term on the r.h.s. of (45) represents the action of a massive spinless
particle on ADS space. Thus, the degrees of freedom of the particles are represented by formerly gauge
degrees of freedom.

We slice the manifold so that the particle worldlines are in the direction of time coordinates.
Then, the variation of the action (41) with respect to A0 results in the following constraint:

ε0µνF(A)µν =
N

∑
i

K̃iδ
2(x, xi), (46)
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where F(A)µν is the curvature of connection A, and xi is the location of each particle. We have to
choose one component of connection A to be zero to linearize the constraint. Such choice of a gauge
cannot be globally made because the model contains a non-trivial moduli space.

Following [21,22], the spacial slice is divided into different regions in which such choice of a
gauge could be made. Each region is surrounded by a circle containing only one particle. Note that
there are no common boundaries between the circles, and they are connected to common origins,
as shown in Figure 1. By making cuts along the circles, the manifold is split into N discs and a polygon.
Each disc contains a particle, while a polygon contains no particles, but connected to infinity.

Figure 1. Formation of discs and a polygon due to splitting of space.

The solution for the discs is written in polar coordinates. Then, we select the gauge in which the
radial component of A has to be zero. Next, we solve the constraints and plug the solution back into
the action in an arbitrary gauge:

Ar,i = g−1
i ∂rgi Aφ,i = g−1

i ∇φgi, (47)

where ∇φgi = ∂φgi + Kigi. Similarly, for the polygon, in which the gauge parameter will be labeled
as h. After solving the constraints, all that remains of the action is the kinetic term:

SDi =
∫

Di

d3xε0µν〈Aµ Ȧν〉+
∫

li
Tr(Kig−1

i ġi)dτ, (48)

and, similar for the polygon, without a source. However, it is much easier to calculate the symplectic
form, which is the variation of the kinetic term of the action:

ΩDi =
∫

Di

d2xε0µν〈δAµ ∧ δAν〉+ δTr(Kiδg−1
i ∧ δgi). (49)

After plugging in the constraint solution in the form (47) and using the identity δ(g−1
i ∇µgi) =

g−1
i ∇µ(δgig−1

i )gi, the symplectic form for the disk reduces to its boundary:

ΩDi =
∫

∂Di

dx〈∇φ(δgig−1
i ).∧ δgig−1

i 〉. (50)

The same situation for polygon, whose symplectic is a sum of contributions from every edge Ei:

ΩP =
N

∑
i

∫
Ei

dx〈∂φ(δhih−1
i ) ∧ δhih−1

i 〉. (51)
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Next, we have to collect all the symplectic forms together and consider the condition of continuity
of metric and connection between discs and polygon. Firstly, a covariant derivative in (47) has to be
converted to ordinary derivatives using gauge transformation

g̃i = exp(Kφ)gi.

The symplectic form of disc (50) changes to

ΩDi =
∫

∂Di

dx〈∇φ(δg̃i g̃−1
i ) ∧ δg̃i g̃−1

i 〉. (52)

The continuity conditions for the connection (47) is

g̃i = Cih
∣∣∣
Ei

, (53)

where Ci is a function only of time. Substituting this into (50) and (51), and combining them, one obtains

Ω f ull = ΩP +
N

∑
i

ΩDi =
N

∑
i

∫
Ei

〈∂φ(δhh−1), C−1
i δCi〉 = −

N

∑
i

∫
∂Di

〈∂φ(δg̃i g̃−1
i ), δCiC−1

i 〉. (54)

This symplectic form collapses to the vertices of the polygon or to the initial points of disc
boundaries. Now, let us rewrite the action in the following variables:

ui = C−1
i exp(2πK)Ci, and hi = C−1

i g̃i(0), (55)

where
g̃i(2π) = exp(2πK)g̃i(0),

and
u−1

i δui = C−1
i δCi − C−1

i exp(−2πK)δCiC−1
i exp(2πK)Ci.

Equation (54) reduces to

Ω f ull =
N

∑
i

∫
R
〈δhih−1

i , u−1
i δui〉. (56)

hi will play the role of configuration variable and ui-momentum variable. The translational part of hi
gives rise to the BTZ metric outside of the shell. The canonical coordinates are thus the variables (36)
or (39). By using the overlap conditions (53) which implies that

gi(0) = Cihi, gi(2π) = exp(2πK)gi(0) = Cihi+1,

we find that
gi+1 = uigi, (57)

and

gi =

(
i−1

∏
j=0

uj

)
g0

(
i−1

∏
j=0

uj

)−1

, (58)

where the order of factors in the product are from right to left. The holonomy around the full shell is
defined as the product of holonomies around each particle

U =
N

∏
j=0

ui. (59)
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By using the following identity,

U−1U̇ =
N

∑
i=0

(
i−1

∏
j=0

uj

)−1

u−1
i u̇i

(
i−1

∏
j=0

uj

)
.

We can rewrite the symplectic form (56) as

Ω f ull =
∫

R
〈δh0h−1

0 , U−1δU〉. (60)

The symplectic form for full shell is reduced to a term depending on a single variable. It can
be shown that only a translational part of h and the only Lorentzian part of U will enter (60). In the
neighborhood of the horizon where δh0h−1

0 � 1, the symplectic form simplifies further:

Ω f ull =
1
l

∫
R
〈δX, U−1δU〉, (61)

where X = XaΓa and Xa are embedding coordinates (36) or (39) for φ = 0.

5. Constraints

Here, we find the equations to which the holonomy around the full shell U is satisfied. Let Ci
and ui be elements of the anti-de Sitter group SO(2, 2). By the definition of U, which is the product of
holonomies around every particle, we have

U =
N

∏
i=0

ui, (62)

where

ui = C−1
i exp

(
2πM

N
Γ12
)

Ci, (63)

which represents the holonomy around a fixed particle. Choose the following ansatz for Ci,

Ci = (tr)i(b)i, (64)

where tr and b refer to translations and boost parameters.

(tr)i = exp
(
−2πi

N
Γ12

)
(tr)0 exp

(
2πi
N

Γ12

)
, (65)

(b)i = exp
(
−2πi

N
Γ12

)
(b)0 exp

(
2πi
N

Γ12

)
, (66)

(tr)0 = t =
√

1 + ΛR2 I +
√

ΛRΓ13, (67)

(b)0 = b = cosh x̄I + sinh x̄Γ10. (68)

Then, the product of holonomies of two neighboring particles is

uiui+1 = C−1
i KCiC−1

i+1KCi+1, (69)



Universe 2020, 6, 201 11 of 18

where

K = exp
(

2πM
N

Γ12
)

. (70)

Using Equations (63)–(69) can be simplified as

uiui+1 = exp
(
−2πi

N
Γ12

)
(b)−1(t)−1Ktb exp

(
2πi
N

Γ12

)
exp

(
−2π(i + 1)

N
Γ12

)
(b)−1(t)−1Ktb exp

(
2π(i + 1)

N
Γ12

)
. (71)

In terms of Equation (71), the holonomy around the full shell (62) can be written as

U =
N

∏
i=0

ui =
N

∏
i=0

exp
(
−2πi

N
Γ12

)
(b)−1(t)−1Ktb,

=

[
exp

(
−2πi

N
Γ12

)
(b)−1(t)−1Ktb

]N

. (72)

Note that

(t)−1Kt = exp
[

M
N

(√
1 + |Λ|R2Γ−1

12 +
√
|Λ|RΓ23

)]
, (73)

(b)−1(t)−1Ktb = exp
[

M
N

(√
1 + |Λ|R2 cosh x̄Γ12 +

√
1 + |Λ|R2 sinh x̄Γ02 +

√
|Λ|RΓ23

)]
. (74)

Then, Equation (72) is

U = exp
[

2π
(

1−M
√

1 + |Λ|R2 cosh x̄
)

Γ12 + M
√

1 + |Λ|R2 sinh x̄Γ02 + M
√
|Λ|RΓ23

]
. (75)

Then, we take the trace of Equation (75), and we find that

Tr(U) = cos
[

2π

√(
1−M

√
1 + |Λ|R2 cosh x̄

)2
−
(

M
√

1 + |Λ|R2 sinh x̄
)2
−
(

M
√
|Λ|R

)2
]

. (76)

In terms of the ADM variables, we have

Tr(U) = cos
[
2π
√

1− 2m
]
. (77)

Comparing (76) with (77), we have

1− 2m =
(

1−M
√

1 + |Λ|R2 cosh x̄
)2
−
(

M
√

1 + |Λ|R2 sinh x̄
)2
−
(

M2|Λ|R2
)2

. (78)

We find that

m = M
(√

1 + |Λ|R2 cosh x̄− M
2

)
, (79)

and

M =
√

1 + |Λ|R2 cosh x̄±
√
(1 + |Λ|R2) cosh2 x̄− 2m + 1. (80)
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Notice that R in the transformation (67) was used as a longitudinal radial variable. This variable
undergoes the Lorentz contraction under radial boost transformations. On the other hand,
the perimeterial radius entering (1) is transverse to the radial boost and is thus invariant. To take this
into account, we have to undergo the Lorentz contraction by rescaling R→ R cosh x̄. Then, in terms of
the perimeterial radius, Equation (80) becomes

M =

√
1 + |Λ|R2 + sinh2 x̄±

√
1− 2m + |Λ|R2 + sinh2 x̄, (81)

which is the familiar Israel equation.

6. Derivation of the Constraint Equations

In the previous section, we obtained the expression for the holonomy around the shell. To obtain
the Hamiltonian constraint in the canonical form, we have to extract the Lorentzian part of the above
holonomy and then re-express it in terms of the Euler angles which provide global parameterization of
the Lorentzian manifold.

To extract the Lorentzian part of the holonomy, one has to perform its conjugation by a
translation transformation

Ul = g−1
t Ugt, (82)

where

U = exp(π J), J = (1−M

√
1 +

R2

l2 cosh(χ̄))Γ12 + sinh(χ̄)Γ20 + M cosh(χ̄)
R
l

Γ23. (83)

Note that gt in (82) is to be found from the condition that g−1
t Jgt is a pure Lorentz transformation.

This results in an equation for gt which could be sought for in a form gt = aI +
√
−1 + a2Γ13.

Plugging this into (83), one finds a = R/(
√

2m− 1l), or

gt = R/(
√

2m− 1l)I +
√

R2/((2m− 1)l2)− 1Γ13 =
√

X2/l + 1I + X/lΓ13, (84)

which coincides with the radial translation in BTZ space (36), X2 = XaXa. Now, one has to express the
total mass m in terms of canonical coordinates Xa. From

m = M
(√

cosh2 χ̄ +
R2

l2 −
M
2

)
, (85)

and
R2 = (2m− 1)(XaXa + l2), (86)

one obtains the following equation for m:

m = M
(√

2m(1 +
X2

l2 ) + sinh2 χ̄− X2

l2 −
M
2

)
. (87)

We shall solve this equation in the limit of the slow movement, χ̄� 1, and near-horizon location
X2 � l2, where it becomes

m = M
(√

2m +
2√
2m

((2m− 1)
X2

l2 + sinh2 χ̄)− M
2

)
. (88)
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The approximate solution is

m = M/
√

2 +

√
2√
M

((
√

2M− 1)
X2

l2 + sinh2 χ̄). (89)

Next, we can express R as

R =

√
M/
√

2− 1l + a(M)X2/l + b(M)χ̄2l, (90)

where a(M) and b(M) are constants related to the bare mass. Now, we can write an expression for Ul
in terms of canonical coordinates and boost parameter

Ul = exp(π Jl), (91)

where

J =
(
(1−M

√
cosh2(χ̄) +

R2

l2 )
√

X2/l2 + 1 + M
RX
l2

)
Γ12 + M sinh(χ̄)Γ20. (92)

In terms of the Euler angles ρ and χ,

cos(ρ) cosh(χ) = cos(π

√(
(1−M

√
cosh2(χ̄) +

R2

l2 )
√

X2/l2 + 1 + M
RX
l2

)2
−
(

M sinh(χ̄)
)2

), (93)

and

sinh(χ) =
sinh χ̄ sin(π

√(
(1−M

√
cosh2(χ̄) + R2

l2 )
√

X2/l2 + 1 + M RX
l2

)2
−
(

M sinh(χ̄)
)2

)√(
(1−M

√
cosh2(χ̄) + R2

l2 )
√

X2/l2 + 1 + M RX
l2

)2
−
(

M sinh(χ̄)
)2

. (94)

From the second expression, we express χ̄ in terms of canonical variables in the limit χ̄� 1

sinh(χ̄) =
sinh(χ)

(
(1−M

√
1 + R2

l2 )
√

X2/l2 + 1 + M RX
l2

)
sin(π

(
(1−M

√
1 + R2

l2 )
√

X2/l2 + 1 + M RX
l2

)
)

. (95)

After all substitutions, the Hamiltonian constraint will take the form

cos(ρ) =
cos(π

√
a1(M)− a2(M)χ2 + a3(M)X2/l2)

cosh(χ)
, (96)

where a1, a2, a3 are coefficients depending on M only.

7. Quantization

We shall perform quantization in a neighborhood of the horizon X0, X1 � l in (36) or (39),
where the translation non-commutativity can be neglected and a standard momentum representation
could be constructed:

U = uI + paγa, (97)

where
u = cosh χ cos ρ, p0 = cosh χ sin ρ, p1 = sinh χ cos φ, p2 = sinh χ sin φ. (98)
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Coordinate operators are

x̂aU = Uγa, (99)

γaγb = ηab I + εabcγc, (100)

from which we can deduce

X̂0Ψ = i(
∂

∂ρ
− ∂

∂φ
)Ψ,

X̂1Ψ = i(cos ρ cos φ
∂

∂χ
+ tanh χ sin ρ cos φ

∂

∂ρ
+ coth χ cos ρ sin φ

∂

∂φ
)Ψ,

X̂2Ψ = i(cos ρ sin φ
∂

∂χ
+ tanh χ sin ρ sin φ

∂

∂ρ
− coth χ cos ρ cos φ

∂

∂φ
)Ψ. (101)

By using a cylindrical symmetry ( ∂
∂φ = 0, and only two components of X remains)

X̂0Ψ = i(
∂

∂ρ
)Ψ, (102)

X̂1Ψ = i(cos ρ
∂

∂χ
+ tanh χ sin ρ

∂

∂ρ
)Ψ. (103)

The kinematical states of the model is defined as functions of U ∈ ADS2,

Ψ(U) = Ψ(ρ, χ), (104)

which is a single-valued and periodic in ρ functions on the entire momentum space. The scalar product
can be deduced from the Haar measure on SL(2) and is defined as

〈Φ, Ψ〉 = 1
π

∫
cosh(χ)dρdχΦ(ρ, χ)∗Ψ(ρ, χ). (105)

The spectrum of time coordinate X0 is canonically conjugate to ρ, and its corresponding operator is

T̂|ρ, χ〉 = ih̄
∂

∂ρ
|ρ, χ〉, (106)

and its eigenstates are

|t; ψ〉 = 1
π

∫
cosh(χ)dρdχ exp(itρ)ψ(χ)|ρ, χ〉, (107)

where t is an integer. Time operator only has a discrete spectrum:

T̂|t; ψ〉 = th̄|t; ψ〉. (108)

Notice that Newton constant G is equal to one and the quantization is in the units of the
Planck length.

A more interesting observable is a Lorentz-invariant length, X2 = XaXa, defining the distance
of the shell to the horizon. This distance is related to the perimeterial radius of the shell by (40).
Notice that the peremeterial radius depends not only on canonical coordinates Xa but also on the
total mass m which is a function of canonical momenta. Because of this, R is not diagonalizable
simultaneously with X. We shall choose the basis in which X is diagonal as it is more convenient.

As Xa in (101) is specified as the left-invariant derivative on the group and its square is represented
by the Beltrami–Laplace operator on our momentum space:

X̂2|t; ψ〉 = |t; ∆ψ〉, (109)
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where

∆ = h̄2

(
1

cosh(χ)
∂

∂χ
cosh(χ)

∂

∂χ
+

t2

cosh2(χ)

)
. (110)

This operator has two series of eigenvalues as shown in [13]. One is positive, but separated from
zero, corresponds to continuous spectrum, i.e., space-like, X2

X̂2|t, λ〉 = π(λ2 + 1/4)h̄2|t, λ〉, (111)

where λ is a real number. The other is negative, but containing zero, corresponds to discrete spectrum,
i.e., time-like, X2

X̂2|t, l〉 = −πl(l + 1)h̄2|t, l〉, (112)

where l is a non-negative integer, subject to the condition l ≤ t. It is seen from (40) that positive
X2 corresponds to the shell outside the horizon, while negative X2 corresponds to the shell inside
the horizon. Thus, the shell radius takes on a continuous set of values outside the horizon and
discrete inside.

8. Quantum Dynamics

Angular variable ρ in (96) plays the role of a Hamiltonian canonically conjugate to time-variable t.
In coordinate representation, it becomes a time derivative operator ρ → i∂/(∂t). Plugging this
into (96), we see that a quantum Hamiltonian constraint is not a differential equation but a finite
difference equation

1
2
(Ψ(t + 1, χ) + Ψ(t + 1, χ)) =

cos(π
√

a1(M)− a2(M)χ2 + a3(M)∆/l2)

cosh(χ)
Ψ(t, χ), (113)

where we use a skew representation (coordinate in time variable and momentum in a spatial
variable) and ∆ is the Beltrami–Laplace operator in momentum space. This is a discrete analog
of the Klein–Gordon equation which is reduced to the ordinary differential Klein–Gordon equation in
a zero gravity limit. Concerning the factor ordering issue in the above expression, we always choose
symmetric order in order to render the Hamiltonian hermitian and the evolution operator unitary.

The discrete analog of the Schrodinger equation can be written by using the evolution operator
for one step in time

Ψ(t + 1, χ) = U±Ψ(t, χ), (114)

where U was found from (113) to be

U± = F±
√

F2 − 1, (115)

where

F =
cos(π

√
a1(M)− a2(M)χ2 + a3(M)∆/l2)

cosh(χ)
. (116)

Now, we are ready to calculate transition amplitudes between different locations of the shell in
spacetime. As we saw in the previous section, the location of the shell could be described by two
quantum numbers: time coordinate t and the eigenvalue of the invariant distance to the horizon
X2 = XaXa. The corresponding state in the momentum representation is

|t, X2〉 = exp(itρ)Lt,X2(χ)|ρ, χ〉, (117)
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where Lt,X2(χ) is the eigenstate of the operator (110) with the eigenvalue X2. Now, we can convert the
kinematical state (117) into a physical state by applying the Hamiltonian constraint (96)

|t, X2〉phys = (a+(U+)t + a−(U−)t)Lt,X2(χ)|ρ, χ〉, (118)

where a+ and a− are arbitrary coefficients.
One can distinguish four types of such states. The states with X2 > 0, a+ 6= 0, a− = 0 correspond

to sector I of the Penrose diagram in Figure 2. In a zero gravity limit, this sector corresponds to positive
frequency solutions of the Klein–Gordon equation. The states with X2 > 0, a+ = 0, a− 6= 0 correspond
to sector I I I in Figure 2. In a zero gravity limit, this sector corresponds to negative frequency solutions
of the Klein–Gordon equation. The states with X2 < 0, a+ 6= 0, a− = 0 correspond to sector I I in
Figure 2. The zero gravity limit keeps no trace of such kind of states. The states with X2 < 0, a+ = 0,
a− 6= 0 correspond to sector IV in Figure 2. The zero gravity limit keeps no trace of such kind of states.
We calculate numerically matrix elements between various states of the type

〈t1X2
1 |t2, X2

2〉phys, (119)

which describe the rate of change of the sell radius from X2
2 to X2

1 during the time interval t1 − t2.

Figure 2. The four different regions of the Penrose diagram.

For example, in Figure 3, we show the relative rate for the shell to cross the horizon from region I
to region I I and back. One can see that the transition rate I I → I is comparable to that of I → I I in a
close vicinity of the horizon, but become exponentially damped away from the horizon. This agrees
with the results obtained earlier in [9] by a very different method.
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Figure 3. I I → I (curve B) vs. I → I I (curve A) transition rate.

9. Conclusions

Quantum theory of a model describing a dust shell coupled to 2 + 1 dimensional gravity with
a negative cosmological constant has been studied both at the kinematical and dynamical level in a
near-horizon region.

At the kinematical level, it was shown that the shell radius has a continuous spectrum outside
the horizon and discrete inside. The eigenvalues spacing of the shell radius measured along the
radial coordinate X is Planckian, while, for the radius measured along the perimeter of the shell,
the eigenvalue spacing is proportional to the square root of the black hole mass.

However, the approximation used does not allow us to go deep inside the black hole, and one
can tell that the point of the central singularity, the zero radius of the shell, belongs to the discrete
spectrum. This is suggestive for the singularity resolution.

At the dynamical level, we obtained transition amplitudes between different locations of the shell
in the near-horizon region. It was shown that there is a non-zero transition rate between all possible
sectors of the Penrose diagram, even between those which are classically forbidden. However, for the
classically forbidden transitions, their rate is exponentially damped away from the horizon.

The main reason for studying the cylindrically symmetric shell model is that it could possibly be
extended to 3 + 1 spacetime dimensions. Some results exist on quantum kinematics of a Schwarzschild
black hole in a frame of a test particle [23,24]. It also has such features as coordinate non-commutativity
and discreteness. Even though the many body problem in 3 + 1 gravity is not solvable, the
holonomy composition still could be as in Sections 5 and 6. The only difference is the presence
of a Newtonian potential. Thus, in principle, there is a possibility to generalize the above results to 3 +
1 dimensional gravity.
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